Abstract. We discuss the average-field approximation for a trapped gas of non-interacting anyons in the quasi-bosonic regime. In the homogeneous case, i.e., for a confinement to a bounded region, we prove that the energy in the regime of large statistics parameter, i.e., for "less-bosonic" anyons, is independent of boundary conditions and of the shape of the domain. When a non-trivial trapping potential is present, we derive a local density approximation in terms of a Thomas-Fermi-like model. The results presented here mainly summarize [CLR17] with additional remarks and strengthening of some statements.
Introduction
The physics of identical quantum particles in two-dimensions (2D) is much richer than in the three-dimensional world, where the symmetry under exchange admits only two opposite representations leading to bosonic (symmetric) and fermionic (antisymmetric) particles. However, in 2D, the way two or more particles are exchanged plays an important role in classifying the species of identical particles. There is indeed room for other statistics different from the usual Bose-Einstein and Fermi-Dirac ones, which go under the name of intermediate or fractional statistics. The corresponding particles are named anyons (a name originally introduced by F. Wilczek in [Wil82] ) and include bosons and fermions as special cases. Mathematically speaking, the reason behind these unconventional features is the exchange symmetry: since the particles are indistinguishable the Hilbert space containing the states of the system must be the space of a one-dimensional 1 representation of the symmetry group. In three or more dimensions this group is the permutation group, which has only two inequivalent irreducible representations, given by the space of symmetric and antisymmetric functions. On the opposite, in 2D, there are many inequivalent ways of exchanging the particles and the symmetry group to consider is the braid group which has infinitely many irreducible representations. Topologically, this difference is due to the fact that a circle is always contractible to a point in three or more dimensions, while it is not in 2D.
Another way of understanding the emergence of fractional statistics is simply by observing that for identical particles all the physics must be invariant under exchange. This has to be true at least for the probability density and therefore the modulus of the wave function |Ψ(r 1 , . . . , r N )| can not change when two particles are exchanged:
|Ψ(. . . , r i , . . . , r j , . . .)| = |Ψ(. . . , r j , . . . , r i , . . .)|.
In 3D this implies that only the sign of Ψ can flip under exchange, while in two dimensions the wave function can acquire a generic phase factor, i.e., Ψ(. . . , r i , . . . , r j , . . .) = e iπα Ψ(. . . , r j , . . . , r i , . . .), (1.1)
where α ∈ R can be any real number, which is called the statistics parameter. Without loss of generality one can however assume that α ∈ (−1, 1], (1.2)
where the points 0 and 1 (and −1 by periodicity) describe the usual bosonic and fermionic particles. Whether such anyonic particles do really exist is still a debated question within the physics community. Although elementary particles live in a three-dimensional world and therefore can never be anyonic, the possibility to observe some quasiparticles obeying to fractional statistics is more than plausible. In particular physical models involving anyonic particles have been proposed in relation to the fractional quantum Hall effect. We refer to [Kha05, LR16, Myr99, Wil90] and references therein for a more detailed discussion of this point.
In order to describe non-interacting anyonic particles in a trap, one has thus to face the problem of defining suitable Schrödinger operators of the form (−∆ i + V (r i )) on a Hilbert space of functions satisfying (1.1) [DFT97] . This poses hard technical questions since (1.1) implies that anyonic wave functions are in general multi-valued. However, there is an alternative but equivalent approach which we are going to adopt in this note: instead of considering multi-valued functions satisfying (1.1), which goes under the name of anyonic gauge, one can rewrite the Hamiltonian in the magnetic gauge, i.e., set, at least formally,
where φ jk = arg(r j − r k ) is the angle between the vectors r j and r k . With such a choice it is easy to see that (1.1) holds true if and only if Φ ∈ L 2 sym (R 2N ), i.e., Φ must be symmetric under exchange, i.e., bosonic. There is however a price to pay for this simplification, i.e., the Schrödinger operator acting on Φ becomes
i.e., each particle carries a magnetic flux generated by the Aharonov-Bohm magnetic potential
where r ⊥ := (−y, x). To discuss self-adjointness of H, a typical approach is to consider the symmetric operator defined by H on the domain of functions with support away from the diagonals r j = r k . Such an operator admits several selfadjoint extensions (see, e.g., [AT98, BS92] for the discussion of the two-particle case), but one can at least identify the Hamiltonian with its Friedrichs extension [LS13, Sect. 2.2].
An alternative approach to the rigorous definition of anyonic Schrödinger operators is through a sort of regularization of (1.4): since the singularities of H live on the diagonals r j = r k , it seems reasonable to replace the singular magnetic potential (1.5) with its cut-off version obtained as
for some R > 0. In other words the point-like anyons are replaced with extended particles exactly in the same way in classical electrodynamics giving a spatial dimension to point charges makes the theory more regular. It is thus clear why the so-obtained particles are named extended anyons. The corresponding Schrödinger operator H R is essentially self-adjoint on smooth functions with compact support.
We refer to [LL16, LR15, Lun16] and references therein for a detailed discussion of extended anyon models.
1.1. The model: average-field approximation. The physical system we plan to describe in this note is a many-body gas of a large number N of non-interacting anyons confined in a trap. When N gets very large, the quantum mechanical description above becomes very inefficient and the complexity of the corresponding equations calls for a simplified effective model. Such a problem has already been faced in the physics literature [IL92, Wil90] , where it was noted that, if the statistic parameter α is close to 0 (bosons 2 ), the mean-field behavior of the anyonic gas is expected to be suitably approximated by the average-field energy functional 3 , which reads
where V is the trapping potential and i.e., its intensity is proportional to the particle density ρ(r) = |u(r)| 2 . The parameter β ∈ R is related to the statistics parameter α in a way that will be made precise below. The energy (1.7) can indeed be easily obtained by evaluating the expectation value of the many-body Schrödinger operator (1.4) on a product state Ψ(r 1 , . . . , r N ) = u(r 1 ) · · · · · u(r N ) and dropping any term vanishing in the limit N → ∞. The parameter β is obtained as the limit of N α and therefore one is forced to assume that α = O(N −1 ) to obtain a finite energy in the limit, i.e., α → 0 and we are considering almost-bosonic anyons. A similar behavior can be recovered in the opposite regime of almost-fermionic anyons, i.e., when α → 1 [Wil90] .
This heuristic derivation of the average-field functional was in fact made rigorous in [LR15, Theorem 1.1], where it is proven that, assuming
in the limit N → ∞, the ground state energy per particle of a gas of non-interacting anyons converges to the infimum of the average-field functional (1.7). The result is actually proven for extended anyons but with a particle radius ∼ N −γ , for some γ > 0, i.e., the limit N → ∞ describes also the convergence to point-like particles. In addition the k-th particle reduced density matrix associated to any quasi-ground state converges to a convex combination of projectors onto the tensor product of minimizers of E af β . Hence one can say that the minimization of the average-field functional (see below) provides a good approximation for the ground state behavior of the many-body anyon gas in this particular limit.
The effective theory provided by the average-field energy depends on only one physical parameter β ∈ R, which in fact can be assumed to be positive β 0, (1.11)
2 A similar approximation is often applied in the opposite regime of α close to 1, i.e., for almost fermionic anyons. A one-particle effective model is expected to emerge in this case too, although the expression of the function may be different.
3
In fact the explicit expression of the average-field functional has never appeared in the physics literature, where a further approximation is made (see Section 2). In this respect E af β was first introduced in [LR15] .
thanks to the symmetry under exchange u → u * (complex conjugation) of the energy. In spite of a certain analogy with other effective nonlinear theories applied to the description of, e.g., Bose-Einstein condensates (Gross-Pitaevskii theory) or superconductors (Ginzburg-Landau theory), the specificity of the average-field functional lies in the special form of the nonlinearity, which appears only in the magnetic potential A[|u| 2 ] and therefore affects mostly the phase of the effective wave function u. In addition, the nonlinearity in E af β [u] is actually nonlocal and, as it becomes apparent in its Euler-Lagrange equation (1.25), it generates cubic quasi-linear and quintic semi-linear terms.
Given the physical meaning of the parameter β and (1.10), we are thus describing a model of anyonic behavior which is a "small perturbation" of the usual bosonic one. In the regime β → 0 one thus expects to recover conventional bosons, and this can actually be proven rigorously, at least for the ground state properties [LR15, Proposition 3.8]. More interesting and unexplored is the opposite regime
where the anyonic features of the model should emerge. This is indeed the asymptotic regime we are going to discuss in this note in the framework of the average-field approximation.
1.2. Minimization of the average-field functional. Let us now discuss closer the average-field functional from the mathematical view point. First of all we assume that the trapping potential is positive
which does not imply any loss of generality but simply a change of energy scale. In the following we will restrict our attention to a smaller class of smooth homogeneous potentials such that
(1.14) for any λ > 0. The potential must also be trapping and therefore we assume that
(1.15)
A typical case is the (anisotropic) harmonic potential V (r) = ax 2 + by 2 , a, b ∈ R + , but we are also going to consider the flat case, i.e., formally s = +∞ or
for some simply connected domain Ω with Lipschitz boundary. The average-field functional in this case simply becomes
Note that the choice (1.16) would naturally lead to consider Dirichlet conditions on the boundary of Ω, while the Neumann case seems to be more appropriate to describe the homogeneous setting. As a matter of fact we are going to prove that boundary conditions do not matter at all in the limit β → ∞ and we keep referring to both cases as the homogenous anyonic gas. The energy functional (1.8) is well defined for any which allows to bound the most singular term in the energy by the kinetic term. We thus consider the minimization domain
where the L 2 normalization has the usual meaning of the quantum mechanical probability conservation, and set
(1.19)
The boundedness from below of E af β , in fact its positivity, is a simple consequence of the assumption on V . The existence of a corresponding minimizing u af β does not immediately follow but can be proven exploiting the estimate above [LR15, Proposition 3.7] together with the following magnetic bounds [LR15, Lemma 3.4]: for any β ∈ R and u ∈ H 1 (R 2 ),
Both inequalities can actually be generalized [CLR17, Lemma 3.2] to any domain Ω ⊂ R 2 , but the second one requires the additional assumption u ∈ H 1 0 (Ω), i.e., the support of u must be strictly contained in Ω. Note also that the first bound is simply the extension to the nonlinear vector potential A[|u| 2 ] of the usual diamagnetic inequality [LL01, Theorem 7.21].
For the homogeneous gas we have to specify the dependence on boundary conditions and we thus set
and correspondingly E 
where the current j[u] is given by
The chemical potential µ af β can be expressed in terms of the ground state energy E af β and the corresponding minimizer as
(1.27)
Main Results
As anticipated we are going to study the ground state properties of a trapped gas of non-interacting anyons in the average-field approximation, i.e., we will investigate the minimization of the effective energy functional (1.7) (or its homogenous counterpart (1.17)) in the asymptotic regime β ≫ 1.
In physics literature the average-field approximation is usually performed by simplifying further the problem and assuming that a local anyonic density ρ(r) would generate a magnetic field
proportional to the density itself. This is clearly inspired by the self-generated magnetic potential appearing in the functional E af and is very often applied to the homogenous case, i.e., when ρ = const. in some bounded region. In the lowest energy state (lowest Landau level) the energy per particle should then be given by the magnetic energy |B|, to be averaged over the local density ρ(r) itself. Taking into account the potential energy, one thus recovers the Thomas-Fermi (TF)-like functional
It is interesting to remark that the form of the energy above is very close to the one obtained via the conventional Thomas-Fermi approximation for two-dimensional fermions: recalling that ρ is normalized to 1, the TF energy per particle of N fermions is
Since fermions are identified by the choice α = 1, it is not surprising that the energy per particle of non-interacting anyons would be given by
which is close to (2.1), when α ∼ β/N .
2.1. Homogeneous anyonic gas. When the gas is confined to some bounded region Ω, where V is constant (e.g., zero), the optimal density minimizing the energy (2.1) is simply the constant function ρ(r) = |Ω| −1 and the corresponding energy is thus const. β. According to (2.1) the precise prefactor should be 2π|Ω| −1 , which simply amounts to 2π when Ω has unit area |Ω| = 1.
In our main result about the homogenous gas we are going to recover the linear dependence of E af β,N/D on β and prove that the expression is independent of boundary conditions and of the shape of the domain. However, whether the prefactor is 2π or larger remains an open question (see the discussion below).
Theorem 2.1 (Energy asymptotics).
Let Ω ⊂ R 2 be a bounded simply connected domain with Lipschitz boundary, then
and the limits of both quantities coincide and are finite. Moreover we have
3)
The reason why we define the coefficient e(1, 1) as a function depending on two parameters is that one can think of a more general limit in which the rescaled statistic parameter β is set equal to γ/ε, γ > 0 and 0 ε ≪ 1, and define (the dependence on |Ω| −1/2 is chosen for further convenience) e γ, |Ω| −1/2 := lim
which reduces to (2.2) when Ω has unit area and γ = 1. Equivalently, one can define e(β, ρ) as the energy per unit area in a thermodynamic limit L → ∞ on a rescaled domain LΩ, under normalization u 2 2 = λL 2 |Ω|, λ > 0 (see also Section 3.1). The two quantities, which are a priori different, equal because of the following scaling property of the functional: let λ, µ ∈ R + and set u λ,µ (r) := λu(r/µ), then
where µΩ stands for the dilated domain {µr | r ∈ Ω}. Once applied to e γ, |Ω| −1 , this scaling law implies that e γ, |Ω| −1/2 = γ|Ω| −1 e(1, 1), (2.6) and therefore e(1, 1) determines the function entirely. The bound (2.3) is not expected to be optimal, i.e., we conjecture that the strict inequality holds true e(1, 1) > 2π.
(2.7)
The estimate (2.3) is indeed a consequence of (1.21), which yields for any u ∈ H 1 0 (Ω), i.e., satisfying Dirichlet boundary conditions,
(2.8)
The r.h.s. is saturated by the constant function u(r) = |Ω| −1/2 (although it does not satisfy Dirichlet boundary conditions), yielding the estimate (2.3), via (2.2). Even neglecting the problem of boundary conditions, there are strong indications that the constant function is very far from a minimizer of the functional for large β: in order to minimize the contribution of the magnetic field and its huge circulation, it is indeed much more convenient to distribute more or less uniformly a large number of vortices, whose fluxes compensate A[|u| 2 ]. The picture would resemble then what is expected for fast rotating Bose-Einstein condensates [CY08, CPRY12, CR13] or for superconductors in strong magnetic fields [SS07] , i.e., the occurrence of vortices on a regular lattice (Abrikosov lattice). In this case, u must vanish at the center of each vortex and, even though u can still be close to a constant at larger scales in a weak sense (e.g., in L p , p < ∞), the vortex core being very small, the interaction energy between vortices is expected to make the inequality (2.3) strict. It is interesting to note that such a behavior for anyons has already been conjectured in [CWWH89, p. 1012], although the consequence on e(1, 1) has not been noticed. We plan to investigate further this question in a future work.
The homogeneity of the system is confirmed by the following result about the density, which is independent of boundary conditions. In view of the discussion above, it is worth remarking that our next estimate (2.9) is perfectly compatible with the presence of a huge number of vortices with small core. The above result guarantees that on scale one, i.e., on the scale of the domain |Ω|, any minimizer of the average-field functional (1.17) can be well approximated by a constant. In fact, we expect this to be true even at finer scales, which are much larger than the vortex spacing. This latter characteristic length is of order β −1/2 for the homogeneous gas, since the circulation to compensate is of order β and the optimal vortex distribution is thought to be given by a regular lattice of singly quantized vortices, thus leading to an average spacing of order β −1/2 . Hence, on any length scale much larger than β −1/2 the approximation by a constant should be accurate. Next result, which is certainly not optimal (one would expect it to hold true up to η < 1/2), shows however an instance of this behavior. We denote by Ω
• the interior of the domain Ω. 2.2. Trapped anyonic gas. We now consider a gas of non-interacting anyons which is trapped by a more general potential V (r) satisfying the assumptions (1.13)-(1.15). As anticipated in the Introduction, the paradigm is given by the anisotropic harmonic oscillator V (r) = ax 2 + by 2 , which contains the usual symmetric oscillator as a special case. Indeed, we do not require radial symmetry of V but only homogeneity of degree s > 1 as a function of r. This last assumption can be relaxed as well and our result applies to the more general class of asymptotically homogeneous potentials as defined in [LSY01, Definition 1.1]. We stick however to the hypothesis above for the sake of concreteness. The relevance of the scaling property V (λr) = λ s V (r) will become apparent when we will discuss the effective TF theory describing the behavior of the average-field functional in the regime β ≫ 1: the soobtained TF functional indeed admits a scaling property which allows to factor out the dependence on β, provided V is a homogeneous function (or an asymptotically homogeneous function for β large).
The heuristics for the asymptotics β → ∞ of the functional E af β relies on the results proven in the previous Section: it is reasonable to assume that locally, on a suitable fine scale, the inhomogeneity generated by V (r) does not play any role and therefore the energy on that scale is given by the one of the homogeneous gas, i.e., ≃ e(β, ρ) = e(1, 1)βρ 2 . Hence, the TF effective functional we expect to recover in the regime β ≫ 1 must have the form
where ρ := |u| 2 is the gas density. The ground state energy of the TF functional is defined as E TF β := min
The associated (unique) minimizer is denoted by ρ TF β . Under the hypothesis (1.13)-(1.15), the minimization (2.12) is actually explicit and one can extract the β dependence simply by rescaling the lengths. The result is Without loss of generality we also assume that ∂ n V = 0 a.e. along ∂ supp ρ TF 1 , with n the outward normal to the boundary. 4 We denote by B R := B R (0) a ball of radius R > 0 centered at the origin. An analogous ball centered at r will be denoted by B R (r).
The following result shows that the TF functional (2.11) provides indeed a fine approximation of the average-field energy:
Theorem 2.4 (Energy asymptotics). Let V satisfy the assumptions (1.13)-(1.15),
The analogue of Theorem 2.2 describing the asymptotics of the average-field density as β → +∞ is:
As for the homogeneous gas, the above estimate is expected to holds true on any finer scale, which is much larger than the vortex one, i.e., the rescaled averagefield density should be close to ρ TF 1 even locally in any small ball of radius β −η , η < s/(2(s + 2)), which is the mean spacing of the conjectured vortex lattice. In fact, by exploiting the explicit remainder of the energy asymptotics (2.17) derived in the proofs, we could prove that (2.18) holds on a scale shorter than the one of ρ TF β but still much larger than the optimal one, exactly as in Proposition 2.3. We skip the statement for the sake of brevity.
Sketch of the Proofs
We present here a synthetic exposition of the main arguments used in the proofs of the results stated in the previous Section. We refer to [CLR17] for further details. The starting point is the discussion of the homogeneous gas (see Section 2.1), which will be used as a key tool to take into account the inhomogeneity introduced by the trapping potential V .
3.1. Homogeneous gas. Exploiting the scaling property (2.5), it is possible to show that the large β limit in a fixed domain Ω is equivalent to a thermodynamic limit L → ∞ of a domain LΩ with normalization u 2 2 ∝ L 2 |Ω|. Explicitly, for any γ 0,
where λ > 0 is a positive parameter, which is kept fixed as L → +∞, i.e., we are considering a large volume limit with fixed density
The relation between β and L in the identity above is β =: λ|Ω|L 2 and γ plays the role of a rescaled statistic parameter. In the Dirichlet case the definition is perfectly analogous and the only difference is that H 1 (LΩ) must be replaced with H 1 0 (LΩ) on the r.h.s..
In [CLR17] Theorem 2.1 (and consequently Theorem 2.2) is proven by a direct inspection of the large L limit of the r.h.s. of (3.1). The main steps are the following:
(i) a priori bound on the r.h.s. of (3.1), showing that it is a bounded quantity, which allows to define e(γ, λ) at least as
since we do not know at this stage whether the limit does exist;
(ii) use of the scaling property (2.5), which yields e(γ, λ) = γλ 2 e(1, 1); (3.3) (iii) proof of the existence of the thermodynamic limit L → ∞ when Ω is a (unit) square; (iv) comparison of the Dirichlet and Neumann energies for squares showing that they coincide in the limit; (v) extension of the existence of the thermodynamic limit to any domain Ω. For this last step it suffices to prove that the limit of the Dirichlet energy equals e(γ, λ), because the result then follows from the definition (3.2) and the usual bound E af β,N E af β,D . We are not going to discuss all the details of the steps above but the first one (see Proposition 3.1 below). We just point out that the most non-trivial result is the comparison Dirichlet/Neumann, whose fundamental tool is an IMS-type localization formula [CLR17, Lemma 3.3] for a suitable partition of unity, together with the estimates (1.20) and (1.21). The initial restriction to squares is motivated by the simplicity in constructing suitable partitions and coverings.
The a priori bound showing that the energy E af β,Ω grows at most linearly in β is proven in [CLR17, Lemma 3.1] in the same thermodynamic setting discussed above. We state it here in a different but equivalent form: Proof. The inequality between the Neumann and Dirichlet energies is trivial, since the minimization domain in the latter case is smaller. Assume then without loss of generality (thanks to the scaling property (2.5)) that |Ω| = 1 and fill Ω with 5 N = β ≫ 1 disjoint balls of radius 1/ √ β centered at points r j ∈ Ω,
Let f ∈ C 1 0 (B 1 (0)) be a radial function so that f 2 2 = 1, set
which clearly satisfies u j 2 2 = 1/β. Then the trial state we are going to use is
where for any point r = (x, y) in the plane we have used the complex notation z = x + iy and arg z = arctan y x . The properties of f and in particular its compact support contained in the unit ball imply that
0, otherwise.
5 Let us assume for the sake of simplicity that β is an integer number, otherwise one would have to take a number of balls equal to, e.g., the integer part of β and the computation would then become more involved, while the core of the proof would be unaffected.
where we used that by 2D Newton's theorem
for r / ∈ B k . Now note that for all r ∈ R 2 and for all j = 1, . . . , N ,
and thus
does not depend on β we obtain the desired bound
by the variational principle.
The bounds proven in Proposition 3.1 and its proof are particularly interesting because of the form of the trial state (3.6): unlike the constant function heuristic mentioned in Section 2.1 (see the discussion below Theorem 2.1 on e(1, 1)), the trial state has a very large phase circulation generated by singly-quantized vortices sitting at the centers of the balls B j . As it is apparent from the energy computation, this huge circulation is in fact crucial in order to obtain an energy which depends linearly on β. Note indeed that a naive approach would give an estimate of order β 2 for the energy E af β,Ω due to the square of the vector potential. This justifies once more the conjecture about the value of e(1, 1).
The density estimate (2.9) is a straightforward consequence of the energy convergence. We skip most of the details and focus on the proof of Proposition 2.3:
Proof of Proposition 2.3. Acting as in [CLR17, Proof of Lemma 4.1] one can show that the energy estimate (2.2) implies the following bound where for some 0 < µ < 1 − 2ν J := j ∈ J ρ j β 2ν−1+µ , (3.10)
i.e., the mass of u and taking the supremum over Lipschitz functions with norm bounded by 1, one obtains the result, provided η < 1/14, which is allowed since ν can be larger than 1/14.
3.2. Trapped gas. The proof of the local density approximation for the trapped gas relies heavily on the result for the homogeneous system discussed in the previous Section. The first step is as usual the energy estimate (1.19), which is proven by deriving suitable upper and lower bounds. In both cases the proof scheme is rather simple: by tiling the plane with squares of suitable length smaller than the TF scale, i.e., β 1/(s+2) , but also much larger that the expected fine scale of the vortex lattice, i.e., β −s/(2(s+2)) , one can use locally the result for the homogeneous gas. In the upper bound one has to get rid of the "interaction" between different cells, i.e., the magnetic field generated by the density in other cells, which is done by exploiting a trial state inspired by (3.6). The kinetic energy thus results in the sum of Dirichlet homogeneous energies inside the cells, up to remainder terms.
The asymptotics (2.2) together with a Riemann sum approximation of the potential term then yields the upper bound.
The key step in the lower bound is on the other hand the use of the gauge invariance of the functional in order to cancel inside one given cell the magnetic potential generated by the density in all the other cells. The kinetic energy can then be bounded from below by the Neumann energy in a square. Riemann sum estimates and the scaling properties of the energy are then sufficient to complete the proof. Note that it is crucial to know that the Dirichlet and Neumann energies have the same limit as β → ∞.
The density estimate is proven by first deriving an L 2 estimate of the form (3.7) for a piecewise approximation of |u af β | 2 and then using Cauchy-Schwarz as in (3.13).
